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This paper concerns with Drinfeld current realization [|TJ of super Yangian double 
DY%[gl{m\nj\ and its central extension DYf\gl(rn\ri)\. 

The Yangian double |2j DYn(Q) of a simple bosonic Lie algebra Q is a quantum double 
of the Yangian Y%[Q) [p]]. It is a deformation of the entire loop algebra and has important 
applications in massive integrable models 0, |J. 

The Yangian double with center (or central extension of the Yangian double) DY^Q) 
for Q = gl(n), sl(n) were introduced in |5], |5| in terms of Drinfeld current generators. 

The philosophy behind this paper is to introduce super Yangian double DYn[gl(m\n)} 
and its central extension DY^[gl{m\n)]. This is achieved by generalizing the Reshetikhin 
and Semenov-Tian-Shansky (RS) construction ]jj to the supersymmetric case. Using this 
super RS construction and Gauss decomposition [§], we obtain the defining relations for 
DYh[gl(m\n)] in terms of super current generators. The computation in this paper is par- 
allel to our recent work || on Drinfeld current realization of quantum affine superalgebra 
U q [gl(m\n)( lS) ] (see also |Hj] for the special case of m — n — 1), which in some sense is a 



superization of work flT 



The graded Yang-Baxter equation (YBE) with spectral-parameter dependence takes 
the form 

R 12 (u - v)R 13 (u)R 23 (v) = R 23 (v)R 13 (u)R 12 (u - v), (1) 

where R(u) G End(V <g> V) with V being graded vector space and obeys the weight 
conservation condition: R(u)"p ^ only when [a 1 ] + [(3'] + [a] + [(3] — mod2. The 
multiplication rule for the tensor product is defined for homogeneous elements a, b, c, d 
of a quantum superalgebra by 

(a®b)(c®d) = (-l)WM{ac®bd) (2) 

where [a] G Z 2 denotes the grading of the element a. 

Introduce the graded permutation operator P on the tensor product module V <8> V 
such that P(v a (g> Vp) = (— l)^^^ (g> v a ) , Vt> a , vp G V. In most cases R-matrix enjoys, 
among others, the following properties 

(i) P 12 Ri2(u)P 12 = R 21 (u), (3) 

(ii) R 12 (u)R 21 (-u) = 1. (4) 



The graded YBE, when written in matrix form, carries extra signs [|13|, [12 



r(u - ^)^^( W )::; 7 ^(^)?:;r'(-i) [Ql[,3]+[7lK1+[V1[,3 ' ] 

= R(v)ff R(u) a J R(u - „)^(-i)WIH+MH+IMM. ( 5 ) 
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In || we generalized the RS construction to supersymmetric cases and obtained 
Drinfeld realization of the quantum affine superalgebra U q [gl{m\n)^ l '\. Here we consider 
rational solution R(u) to the graded YBE and give a 'rational' super RS algebra: 

Definition 1 : Rational super RS algebra is generated by invertible L (u), satisfying 

R(u-v)Lf(u)Lf(v) = Lf(v)Lf(u)R(u-v), 
R(u + -v-)Lt(u)L 2 (v) = L 2 (v)L+(u)R(u^-v + ), (6) 

where Lf(u) = L^{u) (g> 1, L 2 {u) = 1 <8> L^(u) and u± = u ± |7ic. For the first formula 
of the expansion direction of R(u — v) can be chosen in - or -, but for the second 
formula, the expansion direction must only be in -. 

In matrix form, ([]) carries extra signs due to the graded multiplication rule of tensor 
products: 

R{u + -v_YjL+{u)iL-{v%, (-l)M(^l) 

= L-{vY;L+{uT:R{u_ - v + )% (-1)M([/WD. (7) 

Introduce matrix 9: 

<? = (-1) WM ^V- (8) 
With the help of this matrix 9, one can cast (|7|) into the usual matrix equation, 

R(u-v)Lt(u)9L±(v)6 = 9L 2 t (v)9Lf(u)R(u-v), 
R(u + -v.)L+(u)9L 2 (v)9 = 9L 2 (v)9L+(u)R(u_ - v+). (9) 

Now the multiplications in @ are simply the usual matrix multiplications. 

We will take R(u) G End(V (g> V) to be the Yang's rational R-matrix associated with 
superalgebra gl(m\n), 

R^) = ^-rr{uI + 2hP), (10) 
u + 2n 

where V is a (m + n)-dimensional graded vector space. Let basis vectors {vi, V2, • ■ ■ , f m } 
be even and {v m+ i, v m +2, • • • , v m+n } be odd. Then the R-matrix has the following matrix 
elements: 

R(u) a J = (-i) [am R(u) a J, 

m m+n r>* _ 

R ( u) = g B .« E . + ^_ B .^. + _g ( - 1 )l« E <« Ej 
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It is easy to check that the R- matrix R(u) satisfies (0) and We will construct central 
extended super Yangian double DY%[gl{m\n)]. 

\ 

(12) 

where efj(u), fj\(u) and kf{u) (i > j) are elements in the rational super RS algebra and 
kf{u) are invertible. Let 

x r(u) = /iS + i(u+) - fr i+1 (u-), 

X H U ) = 4+i,i( u -) - e i+i,iM> ( 13 ) 

where u± = u± \Tic, then c, Xf(u), kf(u), i — 1, 2, • • • , m + n — 1, j — 1, 2, • • • ,m + n 
give the defining relations of central extended super Yangian double DYft{gl(m\n)} which, 
when c = reduce to those of super Yangian double DYf\gl(m\ri)\. 

The Gauss decomposition implies that the elements e^(w), ff^{u) (i > j) and kf{u) 
are uniquely determined by L ± (tt). In the following we will denote fti+i( u )i e t+i,i( u ) as 
ft(u), ef(u), respectively 

The following matrix equations can be deduced from (^j): 



R 21 (u-v)9Lf(u)9Lf(v) 


= Lf( 


v)9Lf(u)9R 21 (u-v), 


(14) 


R 21 (u- - v + )6L 2 (u)6Lt(v) 


= Lt( 


v)9L 2 {u)9R 2 i{u + — vJ), 


(15) 


6L 2 t (u)- 1 6L±(v)- 1 R 21 (u - v) 


= #21 


u-v)Lf{v)- l 9L^{u)- l 9, 


(16) 


6L+(u)- 1 9L^(v)- 1 R 21 (u + - v-) 


= R21 


u_-v + )L^v)- 1 9LUu)- 1 9, 


(17) 


L^(v)- 1 R 2l (u-v)6L^(u)9 


= OLf 


{u)9R 21 {u-v)Lf{v)-\ 


(18) 


Li(v)- 1 R 21 (u+ - v-)9L+(u)9 


= 0Lt 


{u)9R 21 {u--v+)Ll{v)-\ 


(19) 


L+(w)- 1 j R 21 (m_ - v+)9L 2 (u)9 


= 0L 2 


{u)9R 2l {u + -vJ)Lt{v)-\ 


(20) 
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Theorem 1 : L^iu) has the following Gauss decomposit 



ion 



( 



\ 



efAu) 



e 3 ,iW 



V e m+n,l( U ) 



3 ± 

-m+n,m+n— 1 



( kfi 



a 



( 



X 



(«) i / 

ftm+n( U ) ^ 



/, 



± 

1 



U 



where R 2 i(u — v) = R(v — u) -1 . As in (Q), the multiplications in ([14] - ^) are usual 
matrix multiplications. 

Using (Q), ([□]), ([], [14] -[2T]) and theorem [I], and by parallel calculations as to ||, we 
obtain 



Definition 2 : DY^[gl{m\n)] is an associative algebra over the ring of formal power series 
in the variable fi and with Drinfeld current generators: Xf(u), k^(u), i — 1, 2, - • • ,m + 
n — 1, j = l,2,---,TO + n and a central element c. kf(u) are invertible. The grading of 
the generators are: [X^(u)] = 1 and zero otherwise. When c = 0, DYft[gl(m\n)] reduces 
to DYfr[gl(m\n)]. The defining relations are given by 



kf 



hi 



u + — V. 



2h 



u + — V- + 2h 
u± - v T 



u± — v T + 2h 



kf{v 



kfiur'Xr 

kfiuy'x. 

kfiuy'Xt 



u)k 
u)k 
u)k 



v)k 



v)kf 
v)kf 
v)kf 
v)kf 



ktiuy'x, , 

kf{u)- l X.{v)kt 
kt +1 (u)- l X.( v )kt +1 
kt +1 (u)- l X.( v )kt +1 
kt(u)X+(v)kt(u 
k±{u)Xt{v)k±{u 



kt +1 (u)X+(v)kt +1 (u 



kf +1 (u)X+(v)kt +1 (u 

ktiuy'x-^kf 

kt(u)X+(v)kt(u 



u 



kj (v)ki (u), i^j 

U— — — 2fi , \ \ . , 

—ki [v)kl[u), m < i < m + n, 

■u_ — v + + 2n 

-^-^kf(uW(v)-\ i>j, 
u T — v± + Zh J 

Xr(v), j-i<-l, 





), 


j - 


X~{v 


), 


J - 




), 


J - 


u T - 


V 


+ 2h 


u T 




- V 


u T - 


V 


- 2h 






- V 


u T - 


V 


- 2% 


u T 




- V 


u T - 


V 


+ 2h 


u T 




- V 


u± - 


V 


+ 2h 


u± 




- V 


u± - 


V 


- 2h 


u± 




- V 


u± - 


V 


- 2h 


u± 




- V 


u± - 


V 


+ 2h 


u± 




- V 


u T - 


V 


+ 2h 


u T 




- V 


u± - 


V 


+ 2h 



u± — V 



X- 
X- 
X- 

x- 

xl 
xl 
xl 
xl 
x n , 
xi 



V) 



i < m, 

m<i<m + n — 1, 
i < m, 

m<i<m + n — 1, 
i < m, 

m<i<m + n — 1, 
i < m, 

m<i<m + n— 1, 
i = m, m + 1, 
i = m, m + 1, 
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(u-v T 2h)X?(u)X?(v) 
(u-v±2K)Xf{u)Xf{v) 
{X±(u),X±(v)} 
(u-v)X+(u)X+ +1 (v) 
(u-v)X+(u)X+ +1 (v) 
(u-v + 2h)Xr( u )Xr +1 (v) 
(u-v-2h)Xr( u )Xr +1 (v) 
[X+(u),X-(v)} 

{X+{u),X m {v)} 



tu-v±2h)Xf(v)Xf(u), i<m, 

(u-vt 2h)Xf{v)Xf{u), m <i <m + n— 1, 

0. 



(u-v + 2h)X+ 1 (v)X+(u), i< 



{u — v — 2h)X^ +l (v)X^~(u), m < i < m + n — 1, 

(u - v)Xf +1 (v)Xr( u ), i < m, 

{u — v)X i+1 (v)Xf (u), m<i<m + n — 1, 

-5{u + - v^)kT +1 (u + )kr(u + )- 1 ^j , i,j ^ m, 
2h (*(«_ - v+M^MkKv+r 1 



-5(u + - v_)k m+1 {u + )k m {u + ) x ) 



(21) 



where [X, Y] = XY — YX stands for a commutator and {X, Y} = XY + YX for an 
anti- commutator and 



8(u-v) = ]T 



fe„.-fc-i 



U V 



(22) 



kez 



is a formal series, together with the following Serre and extra Serre |7J, [iq/ relations: 



{Xt( Ul )Xt(u 2 )Xt +1 (v) - 2Xt( Ul )Xt +1 (v)Xt(u 2 ) 

+ X± +1 (v)X±( Ul )X±(u 2 )} + { Ul ^u 2 } = 0, m, 

{Xt +1 ( Ul )X± +1 (u 2 )X±(v) - 2Xt +1 ( Ul )Xt(v)X± +1 (u 2 ) 

+ Xt(v)X± +1 ( Ul )Xt +1 (u 2 )} + { Ul <-> u 2 } = 0, % ± m - 1, 

{(«! — m 2 =F 2ft)[X±K)X±(u 2 )X±_ 1 (^) - 2X±K)X±_ 1 ( U )X±M 

+ x^M^M^M]} + { Ul <- M2 } = o, 

{(u 2 -u lT 2h)[X±( Ul )X±(u 2 )X± +1 (v) - 2X±( Ul )X± +l (v)X±(u 2 ) 



+ + K <"> M = 0, 

{(tn - u 2 T 2h)[X±(u 1 )X±(u 2 )X±_ 1 (v 1 )X± +1 (v 2 ) 
- 2X±(u 1 )X±_ 1 (v 1 )X±(u 2 )X± +1 (v 2 )} 
T 4^X±_ 1 (?; 1 )X±( Ul )X±(« 2 )X± +1 ( ? ; 2 ) 
+ (u 2 -u lT 2h)[-2X±_ 1 (v 1 )X±(u 1 )X± +1 (v 2 )X±(u 2 ) 

+ ^m-l(^l)^m+l(^)X±( Wl )X±( M2 )]} + K <-+ U 2 } = 0. 

Remark: For the special case of m = n = 1, we have 



(23) 
(24) 
(25) 
(26) 



(27) 



^ (m)^- (v) = kj (v)ki (u), i, j 



1,2, 



k^{u)k l {y) = k x (v)kf(u), 

u + -v_ + 2h k * {u)k * {v) = u_-v + + 2h ^ {v)k * ( ^ 
U± ~ VT -^(v)-'kf(u) = UT ~ V± ^ kf(uM( v )-\ 



u± — v T + 2h u T — v± + 2ft 

kt(u)-'xr(v)kt(u) = u *- v+2h xr(v), 

u T — V 

kt{u)Xi{v)kt{u)-' = U± - V + 2h X+(v), 

u± — V 

{X?(u),X?(v)} = 0, 

{X+(u),Xi(v)} = 2h(5(u_-v + )k+(v + )kt(v + )- 1 

-8(u+ - v^Mk^iu+y 1 ) . (28) 

This is the defining relations of jD1^[^Z(1|1)], which, when c = 0, reduce to those of 
centraless super Yangian double DY h [gl(l\l)\ obtained in 0. 



Theorem 2 : The algebra DYn[gl(m\n)] given by definition ^ has a Hopf algebra struc- 
ture, which is given by the following formulae. 
Coproduct A 

A(c) =c® 1 + 1® c, 

A(kf{u)) = kf{u±-Uc 2 ) ® kf(u^-hci), j = 1,2,- ■ ■ ,m + n, 
A{X+{u)) = X?(u) <g> 1 + i)i(u + -nci) ® X+(u + hex), 

A(Xr( u )) = l®Xr(u)+Xr( u + hc2)®<f>i(u + ~hc 2 ), i = 1, 2, • • • ,m + n - 1, 

(29) 

where c\ — c® 1, c 2 = 1 <8> c, ipi(u) = k^ +1 (u)k^ (u)^ 1 and <f>i(u) = kf +1 {u)kf {u)~ l . 
Counit e 

e(c) = 0, e(kf(u)) = 1, e{X?(u)) = 0. (30) 

Antipode S 

5(c) = -c, 5(A;±(u)) = fc± (u)" 1 , 
5(X+(«)) = -^(« - ^c)-^+( M - he), 

S(Xr( u )) = -Xr( u - hc)<pi{u - ^hc)' 1 . (31) 
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